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INTRODUCTION
In this work we prove abstract comparison results for solutions of nonlinear parabolic problems with monotone principal part and apply these results to a parabolic problem having the p−Laplacian as principal part. To be more precise, let A be a maximal monotone operator in a Hilbert space H, {S(t); t ≥ 0} be the semigroup generated by −A and, for i = 0, 1, consider the associated initial value probleṁ
Denote by u(t, u i , f i ) a solution of (1) , i = 0, 1. Assume that H is endowed with an order (e.g, u 0 ≥ 0 in H = L 2 (Ω) if u 0 ≥ 0 almost everywhere). A first comparison result in the ordered Hilbert space H states that u 0 ≥ u 1 implies S(t)u 0 ≥ S(t)u 1 for all t ≥ 0. In this case we say that the semigroup S(t) is increasing. We seek for conditions on the maximal monotone operator A that ensures this first comparison result. Once we have obtained conditions on A ensuring that S(t) is increasing we extend this comparison result to the solutions of the problem (1) .
The statement of the comparison results that we will present in this paper are similar to those already established elsewhere for semilinear parabolic equations. In particular the starting point of this theory is a result that can be stated in the following way: If the resolvent of A is increasing (in a sense to be explained later) then, S(t) is an increasing semigroup. This result reads exactly the same as the corresponding result for the case when the maximal monotone operator A is linear. They differ, however, in the techniques used in the proof. This condition is actually a necessary and sufficient condition and its proof is based on a generalization of a result due to H. Brèzis that we state in the next section.
Concerning the comparison results for (1) , the theorem that we would like to prove should read: If S(t) is increasing, u 0 ≥ u 1 and f 0 (t, u) ≥ f 1 (t, u) for all t, u then u(t, u 0 , f 0 ) ≥ u(t, u 1 , f 1 ) as long as both solutions exist. As we will see in the coming sections there are some technical difficultness that will impair us from obtaining such comparison result. These technical difficultness will lead to some additional assumptions on the vector fields f i . The the comparison results that we will be able to prove for (1) will have statements similar to the statements of the comparison results presented in [1] for semilinear parabolic problems.
This paper is organized as follows. Section 2 is devoted to the proof of a preliminary result that will be the key to prove the abstract comparison results. Section 3 is devoted to the statement and proof of the abstract comparison results for the case of globally Lipschitz perturbations. Section 4 deals with the case of non-Lipschitz perturbations of subdifferentials. Section 5 is devoted to the application of these results to the study of a parabolic equation with the p-Laplacian perturbed by non-monotone non-Lipschitz operators. Finally, in Section 6 we exhibit some more examples of maximal monotone operators with increasing resolvent.
A PRELIMINARY RESULT
Let H be a Hilbert space with inner product ·, · and norm | · |. Let A be a maximal monotone operator in H, and S(t) be the semigroup generated by −A. We will employ the following notation.
• J λ := (I + λA) −1 , is the resolvent A;
is the Yosida approximation of A;
• A 0 x, is the least norm element of Ax.
Let ϕ be a convex, proper and lower semicontinuous (hereafter l.s.c) map defined in H. We define
ϕ µ thus defined is convex, Frechét-differentiable and ∂ϕ µ = (∂ϕ) µ . Furthermore, ϕ µ (x) ↑ ϕ(x) as µ ↓ 0, ∀ x ∈ H, (see Proposition 2.11 in [3] , page 39).
The following theorem can be found in [3] , Theorem 4.4, page 130. 
Then, the following are equivalent:
Remark 2. 1. Note that, in the statement of Theorem 2.1, the operator A in general is not the subdifferential ∂ϕ of ϕ.
The following theorem is a variation of Proposition 4.7, page 134, [3] , and follows as a consequence of Theorem 2.1. The equivalent statements of the next theorem are the base to all comparison results that will be proved in this paper. 
. 
Let us verify that R(I
Hence, C is maximal monotone in H. Besides that we have:
, where S(t) is the semigroup generated by −C, S A (t) is the semigroup generated by −A and S B (t) is the semigroup generated by −B.
Let ϕ be a convex, proper and l.s.c. function defined in H, and let ψ be the function given by ψ[x, y] = ϕ(x − y). Then ψ is convex proper and l.c.s. and:
With the considerations above the result now follows applying Theorem 2.1 to the operator C defined in H, and the convex, proper and l.s.c. function ψ.
Remark 2. 2. The hipothesis (H-2) is automatically satisfied if D(A) = H and D(B) = H.

COMPARISON RESULTS
In this section we first prove abstract monotonicity results for semigroups of nonlinear contractions generated by maximal monotone operators using the results of previous section. Then, we use these monotonicity results to obtain comparison results for abstract nonlinear parabolic problems with monotone principal part and non-monotone perturbations of various types (time-dependent, globally Lipschitz and non-globally Lipschitz).
We start introducing a concept of order in a Banach space which is suitable for the desired comparison results: Definition 3.1. An ordered Banach space is a pair (X, ≤), where X is a Banach space and ≤ is a order relation in X satisfying:
2. x ≤ y implies λx ≤ λy, x, y ∈ X and 0 ≤ λ ∈ R; 3. The positive cone C = {x ∈ X : x ≥ 0} is closed in X.
Definition 3.2. Let (X, ≤) and (Y, ) be ordered Banach spaces. We say that a map T : X → Y is increasing if and only if x ≤ y implies T (x) T (y). We say that T is positive if and only if
Let (H, ≤) be an ordered Hilbert space and let A be a maximal monotone operator in H. Let C be the positive cone defined in H, and let I C be the indicator map:
I C is a convex, proper and l.s.c. map, and therefore ∂I C is a maximal monotone operator in H. In what follows we characterize (I −λ∂I C ) −1 , (∂I C ) λ and (I C ) λ , for details see [3, 2] .
• the resolvent operator (I − λ∂I C ) −1 of ∂I C is the projection in C. In other words,
• the Yosida approximation of ∂I C is given by (
A semigroup of nonlinear contractions {S(t) : t ≥ 0} is increasing if, for each t ≥ 0, S(t) is an increasing map. In what follows we give e necessary and sufficient condition so that the semigroup {S(t); t ≥ 0} generated by a maximal monotone operator −A be increasing:
and in this case we say that the semigroup is positive.
Proof: It is enough to consider A = B and ϕ = I C in Theorem 2.2, and the result will follow as a consequence of the equivalence (i) ⇔ (vi).
More generally we have:
. Under the hypothesis (H-3). Denote by u,ū, the respective solutions of the following initial value problems:
If y,ȳ, u 0 ,ū 0 ∈ H, y ≥ȳ and u 0 ≥ū 0 , and if
Proof: In fact, it is enough to note that, if y ∈ H, the operator A y : H → H given by A y u = Au − y is maximal monotone. Then the result follows from Theorem 2.2 with ϕ = I C , A = A y e B = Aȳ, observing that
in such a way that u ≥ū e y ≥ȳ implies (I + λA y )
To extend the above results to the solutions of the non-homogeneous equations, we shall employ the same limiting procedure used to obtain existence of solutions for these equations.
Suppose that u,ū are, respectively, the weak solutions of the following initial value problems:
and
If A is a maximal monotone operator in H with increasing resolvent and satisfying the hypothesis
Proof: There are sequences {f n } and {f n } of step functions in [0, T ] such that f n → f andf n →f in L 1 (0, T ; H). We may assume, without loss of generality that for each n ∈ N, given a partition of the interval [0, T ], 0 = t 0 < t 1 < ... < t kn = T , f n ≡ a n i andf n ≡ā n i in [t i−1 , t i ] with a n i ,ā n i ∈ R, a n i ≥ā n i . Let u n eū n be strong solutions of the equations
then u n → u andū n →ū uniformly in C(0, T ; H), and since the positive cone is closed,
u(t) ≥ū(t).
Once we have the above result we start to compare solutions of non-linearly perturbed problems. As in the preceding proof the comparison is obtained through the same procedure used to obtain existence of solutions. 
respectively. Suppose that A has increasing resolvent, satisfies the hypothesis (H-3), and there exists G :
The proof of the above theorem is similar to the proof of the next theorem and therefore will be omitted. 
(t) + ∂ϕ(u(t)) B(t, u(t))
u(0) = u 0 , and      d dtū (t) + ∂ϕū(t) B (t,ū(t)) u(0) =ū 0 .
respectively. Suppose that ∂ϕ has increasing resolvent, satisfies the hypothesis (H-3), and there exist G : [0, T ] × D(ϕ) → H, increasing in the variable u for each t ∈ [0, T ], and such that for all t ∈ [0, T ], B(t, u) ≥ G(t, u) ≥B(t, u), ∀ u ∈ D(ϕ). Then u 0 ≥ū 0 implies u(t) ≥ū(t) ∀ t ≥ 0.
Proof: We consider the sequences u n eū n defined by u 0 (t) ≡ u 0 andū 0 (t) ≡ū 0 , u n eū n are solutions of the equations
respectively. By Theorem 3.3 u 1 (t) ≥ū 1 (t), t > 0. Assume by induction that u n−1 (t) ≥ u n−1 (t), t > 0. Then by Theorem 3.3, u n (t) ≥ū n (t) ∀ n ∈ N, t > 0, and since
where u n → u andū n →ū uniformly in [0, T ], in such a way that u(t) ≥ū(t), t > 0.
MORE GENERAL PERTURBATIONS OF SUBDIFFERENTIALS
This section is devoted to the proof of comparison results for problems with subdifferential principal part and for perturbations which are not globally Lipschitz. To accomplish that we will use the existence results proved in [9] which we briefly describe in Subsection 4.1. The proof of the comparison results are given in Subsection 4.2.
The Existence
In this subsection we state a particular case of a result due to MitsuharuÔtani, [9] . That result assures the existence of at least one strong solution for the equation
where some of the restrictions are made on the operator A so that the hypotheses in the perturbation B may be relaxed. Since the proof of this result is used to prove our comparison results we shall indicate its main steps. We will assume that A = ∂ϕ, with ϕ satisfying: 
(O-4) There exists a real, increasing and positive L 0 (·), a constant γ 0 ∈ (0, 1) and a constant c 0 such that:
where
In the proof of the local existence result the following version of Schauder-Tychonoff Theorem is used:
Theorem 4.1 (Browder). Let K be a compact convex subset of a locally convex topological vector space X. Let T be a multi-valued l.s.c. map from K into X such that for each x ∈ K, T (x) is a closed convex subset X such that T (x) ∩ K = Ø. Then T has a fixed point in K; that is, there is an element
, and S ∈ (0, T ], we denote by E u 0 ,S (h) the unique strong solution of the equation
in [0, S] satisfying u(0) = u 0 . Let R be a fixed positive real number and let K R,S be the set
endowed with the weak topology of L 2 (0, S; H). 
Comparison
In what follows we are going to compare solutions of problems with perturbations more general then Lipschitz. As before, we are going to appeal to the techniques used to obtain the existence and Theorem 3.3. We assume throughout this section that (H − 3) is satisfied.
Theorem 4.3. Let ϕ satisfying the hypothesis
(O-1), u 0 ,ū 0 ∈ D(ϕ), u 0 ≤ū 0 . Let B,
B be two functions defined in D(ϕ) taking values in H and satisfying the hypotheses (O-2), (O-3), and (O-4). Suppose that ∂ϕ has increasing resolvent, satisfies the hypothesis (H-3), and that there exist G : D(ϕ) → H, increasing, such that Bu ≤ Gu ≤Bu, ∀ u ∈ D(ϕ).
Then given a solution u(t) of the problem
there exists a solutionū(t) of the problem 
whereγ 0 is as in the hypothesis (O-4); that is
and ε 0 is an arbitrary positive number. By definition of B u 0 ,T 0 ,R and u, h := Bu is a fixed point B u 0 ,T 0 ,R in K R,T 0 . We consider the restrictionB|K ofBū 0 ,T 0 ,R to the following subset
K is convex and compact. Let us verify thatB|K : 
and therefore
In one side
and in another
That is
Besides that, from the definition of subdifferential,
From which we conclude that
Now, ifb(t) ∈Bv(t), then by the hypothesis (O-4), by (8) and by (7),
From the choice of R,
Choosing T 0 small enough so that
In this wayBū 
ONE APPLICATION
Let Ω ⊂ R n be a bounded smooth domain with boundary ∂Ω, and let H = L 2 (Ω) be endowed with the following order relation
Consider the following second order nonlinear partial differential equation:
where ∆ p u = div(|∇u| p−2 ∇u) is the p-Laplacian. In this section we aim to apply the abstract results developed in the previous sections to obtain comparison results for (9) . To that end we assume that the operator B is single valued and can be decomposed into the sum of two other operators, that is, B = B 1 + B 2 , with B 1 and B 2 satisfying the following conditions: 
Assume that B 2 satisfies all the hypothesis required in Theorem 4.2. Then, given u 0 ∈ W As a consequence of the results in the previous sections we obtain the following result 
